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Ancient geometryAncient geometryAncient geometryAncient geometry, stereology and, stereology and, stereology and, stereology and    
modern Medicsmodern Medicsmodern Medicsmodern Medics    

Matt Reed and Vyvyan HowardMatt Reed and Vyvyan HowardMatt Reed and Vyvyan HowardMatt Reed and Vyvyan Howard    
Systematic random sampling with simple 
geometrical elements can be applied to modern 
medical imaging methods to yield reliable 
quantitative data. 
    
    
IntroductionIntroductionIntroductionIntroduction    
 
Many of the basic methods used in two dimensional 
geometry were brought together in 300 BC by Euclid of 
Alexandria. Euclid drew upon the mathematical work of 
dozens of predecessors in writing his book, ‘The 
Elements’, but added something new in the manner and 
order of his presentation. Although the theorems and 
lemmas listed in ‘the Elements’ are illustrated using only 
an unruled straight edge and a pair of compasses, Euclid’s 
presentation and progression of examples was sufficiently 
compelling that his book has served as a template for 
‘Elementary’ geometry text books ever since. Science and 
technology have developed beyond recognition in the 
two millennia since Euclid’s time, but the axioms of plane 
geometry remain identical and immutable. It is therefore 
perhaps surprising, that geometrical ideas which would 
have been recognisable to the ancient Greeks continue to 
have a relevance to medical imaging experts and 
neuroscientists in the new millennium.  
 
Euclidean geometry is fundamentally deterministic, 
neither randomness nor probabilistic ideas play a part in 
its theory.  However, geometrical elements which were 
familiar to the Greeks; points, lines, planes and volumes, 
can be used in a statistical manner – and in so doing 
constitute a field of pure and applied mathematics known 
as geometric probability or stochastic geometry.  There 
are close analogies between stochastic geometry and the 
classical, non-geometric, sampling theory used in sample 
surveys. One of the most important applications of 
stochastic geometry is ‘design stereology’; a body of 
simple measurement protocols that allows three 
dimensional quantities to be estimated from lower 
dimensional information. Stereology is explicitly statistical; 
it deals with the definition of random sampling protocols 
that guarantee unbiased estimates of structural quantities. 
Fortunately for users of stereology the simple equations 
used in practice hide the sophisticated mathematical 
machinery on which the methodology is based.  
 
The application of stereological methods in bio-medicine 
has grown steadily over the past 10 years, with thousands 
of papers using the techniques. In some areas of 
quantitative neuroscience they are considered the state of 
the art.  In this article we describe some of the links that 
exist between ancient geometrical relations and 
stereological methods for estimating the volumes of 
objects ranging in size from human brains to brain cells.  
 
 

Size of an ElephantSize of an ElephantSize of an ElephantSize of an Elephant    
 
The volume of an isolated object, such as a bacterium, a 
banana or an elephant is perhaps the most fundamental 
measure of how ‘large’ the object is. Object volume is an 
extremely ‘robust’ quantity that doesn’t change even if the 
object’s shape is severely distorted.  For example, a small 
lump of modelling clay can be formed into an infinite 
number of shapes, each having a different combination of 
‘length’, ‘breadth’,  ‘height’, surface area and topology, yet 
unless we actually detach some of the clay all of the 
possible shapes will retain the same volume. Because of 
the robustness of ‘volume’ as a quantity it has become the 
parameter of choice in many biological studies that aim to 
quantify the size of an object or the average size of a 
collection of objects.  
 
Archimedes and the Eureka CanArchimedes and the Eureka CanArchimedes and the Eureka CanArchimedes and the Eureka Can    
 
If the object we are interested in measuring is isolated, 
such as a potato, brick or person, the volume can be 
estimated directly by weighing (if the object is of constant 
density) or by applying the principle of water immersion 
developed by the Greek scientist Archimedes of Syracuse 
(287BC-212BC). Legend has it that Archimedes 
discovered his law of buoyancy whilst having a bath one 
day, causing him to leap out shouting “Eureka, Eureka” (I 
have found it).  Archimedes’ law of buoyancy states that:  
 
“Any body submerged in a liquid will displace a volume of 
liquid equivalent to the volume of the object. “ 
 
The simplest way of using the law of buoyancy to measure 
object volume is to use a Eureka can. The Eureka can is 
designed so that once filled with liquid to the small pipe 
near the top of the can any extra liquid added will flow out 
of the can. In use the Eureka can is filled and then the 
object is immersed in the water. The object displaces a 
volume of water equal to its own volume and this water 
flows out of the pipe and into a graduated measuring 
cylinder, thus giving a direct estimate of object volume. 
The volume of water in the cylinder is identical to the 
volume of the immersed object due to Archimedes law of 
buoyancy 
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If the object of interest is fully or partially contained 
within another object or if the object is too small to be 
isolated easily then Archimedes’ principle cannot be 
applied. To estimate a volume under these conditions we 
need to probe the object whilst it is in situ. Originally the 
only method available for probing an object contained 
within another body was to physically section the body – 
and this approach is still used widely today. However, the 
recent development of confocal optical microscopy and 
the invention of both computerised tomography and 
magnetic resonance imaging allow non-invasive sectioning 
of a solid object to be carried out.  Regardless of the 
imaging modality the problem remains the same; how to 
relate the areas seen on planar sections through an object 
to its volume? The stereological approach to volume 
estimation relies on two features (a) the use of test 
systems composed of geometrical elements such as 
points or lines and (b) a method for generating random  
planar sections through the object.  The intersection 
between the geometrical test set and the sections of the 
object are used to make a statistical estimate of the 
object volume.  
 
Statistical Estimation of AreaStatistical Estimation of AreaStatistical Estimation of AreaStatistical Estimation of Area    
 
Before describing stereological volume estimation 
methods we feel that it is worth describing a simpler 
example of how a randomly distributed geometric test 
system can be used to estimate a structural quantity – in 
this case the area of a 2D shape. Many of the concepts 
encountered in this 2D example have direct analogies to 
the 3D problems.   
 

 
Consider a 2 dimensional shape such as the 
representation of a country in a map and the quantity we 
are interested in is the area A, in suitable units, of the 
country.  In order to obtain a statistical estimate of the 
area we need to define a suitable test system and also a 
probability distribution for the position of the test system 
with respect to the map. In the case of area estimation 

one of the most efficient test systems to use is a regular 
quadratic array of points of spacing d units. Each point thus 
has an area of d 2 units squared associated with it. The 
probability distribution used for area estimation with a 
point grid is simply a uniform distribution for 2D position. 
Formally this can be defined by choosing one of the points 
in the grid and uniform randomly positioning this point 
within a square of side length d units which is fixed with 
respect to the map.  By randomising this one point with 
respect to the square all the other points in the grid are 
randomised with respect to the map. Often in practice 
simply closing your eyes and throwing the grid onto the 
map is a sufficiently random positioning mechanism. Once 
the grid has been randomised we simply count the number 
of points, P , of the grid that lie over the country and 
multiply this by the area associated with each point (d 2 ) to 
get an unbiased estimate of the area of the 2D 
representation of the country.  
   
As stated above the point grid is a systematic set of 
geometrical features each of which has a defined ‘amount’ 
of area associated with it. If the grid was fixed with respect 
to the shape the number of points overlying the object 
would be an approximation of the objects area. However, 
the area approximation may or may not be correct and we 
have no handle on how correct this approximation is. By 
randomly shifting the grid in a well defined manner – i.e. 
with uniform random position with respect to the object, 
we stop making an approximation and instead make an 
estimate.  In common with other statistical techniques this 
estimate of area will vary if it is repeated, i.e. we will 
obtain a number of estimates each relating to the same 
fixed object but having variability due to the sampling we 
have performed.  If the area estimation has been carried 
out as described above the estimates have the attractive 
properties of being unbiased, which in this context means 
that the average of the area estimates made with a fixed 
point grid density will be equal to the true value.  If a 
systematic grid is used the estimates are also very precise 
i.e. the variability between repeated estimates is small.   
 
Consider the simplified map of mainland United Kingdom 
shown left, together with a square point grid of spacing 
59.1 km.  The area associated with each of the points in 
the grid is 59.1 × 59.1 = 3493 km2. We counted 64 points 
lying over the land which when multiplied by 3493 km2  
gives an estimate of area of 223,600 km2. This compares 
rather well with the ‘true’ area of the UK mainland of 
229,990 km2 (Encyclopaedia Britannica figures) a 
percentage discrepancy between estimated and true 
values of less than 3%. Getting a handle on the precision 
of the estimate is more difficult as the regularity in the grid 
means we can’t simply use the sample standard deviation.  
However, methods do exist for predicting the precision of 
estimates made with systematic test systems – and for the 
64 points we counted and the shape of the object we get a 
coefficient of error of about 3.7%.  
    
Kepler and CavalieriKepler and CavalieriKepler and CavalieriKepler and Cavalieri    
 
Johanes Kepler (1571-1630) was born in Weil der Stadt, 
Württemberg in the Holy Roman Empire. Kepler was a 
brilliant mathematician and mathematical physicist who is 
chiefly remembered for discovering the three laws of 
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planetary motion that bear his name. However, Kepler 
also did important work in optics, close packing of 
spheres, logarithms and solid geometry. One of his lesser 
known works was prompted by a problem he had whilst 
buying wine for his second wedding celebration in 1613.   
 
Kepler noted that the vintner measured the capacity of 
the wine barrel by putting a stick into the bung hole and 
measuring the distance to the bottom of the barrel.   

 
It struck Kepler that the crude ‘dipstick’ method of 
estimating the volume of the barrel wouldn’t take into 
account the curvature of the barrel and would thus give 
an inaccurate estimate of the volume. Prompted by this 
observation Kepler made a careful study of the general 
problem of accurately estimating 
the volume of wine barrels and 
other solids of revolution. Kepler’s 
solution was to divide the barrel 
into a large number of slices and 
estimate the total barrel volume by 
summing the volumes of the 
individual slices.  
 
Kepler’s work was published in 1615 as “Nova 
Stereometria Doliorum Vinariorum”, which roughly 
translates to "New Measurements of Wine Barrels".  The 
“Nova Stereometria” is a rarity and has never been 
translated into English. However, although it’s technical 
content is little known to non-specialists it has become a 
sought after commodity amongst book collectors; a mint 
condition copy of Kepler's book in its original binding will 
sell for upwards of $30,000.     
  
The problem that had been posed by Kepler and his 
method of solution attracted the attention of the Italian 

mathematician Francesco 
Cavalieri (1598-1647). 
Cavalieri was born in 
Milan and changed his 
name to Bonaventura in 
1615 when he joined the 
Jesuati order. Cavalieri 
showed a natural talent 
for geometry and after his 
theological duties in the 
Jesuati order was 
appointed to the chair of 
Mathematics at Bologna in 
1629.  
 

 
He was an outstanding mathematician and a pupil of 
Galileo, who commented that, “few, if any, since 
Archimedes, have delved as far and as deep into the 
science of geometry”. 
 
Cavalieri took Keplers idea of splitting a volume into a 
large number of slabs one step further and developed an 
early version of the calculus known as the ‘theory of 
indivisibles’. Cavalieri’s published his theory, along with 
examples, in “Geometria Indivisibilibus Continuorum” 
("The Geometry of Indivisibles") which was published in 
1635. Although Cavalieri’s ideas have been superseded 

they provided an important precursor to modern ideas of 
integration.  
 
One of the problems considered by Cavalieri was the 
problem of relating the volume of an object to the cross-
sectional areas seen on a series of parallel planes through 
the object. Cavalieri’s theorem states that: 
 
“If the areas of every two-dimensional slice are equal for 
two solids of equal height, then the solids have equal 
volume.”    
 
An illustration of this 
theorem from Cavalieri’s 
book is shown right. 
 
One of the important 
features of Cavalieri’s 
theorem is that it can be 
applied to three 
dimensional objects of 
arbitrary shape. The 
theorem can thus be used 
as a general method of 
estimating object volume 
without making 
assumptions about the 
shape or orientation of 
the object.   
 
The modern design stereology version of Cavalieri’s 
method requires an exhaustive set of serial cross-sections 
through the object with each section being separated by a 
fixed distance T , see below.  
 

 
 
The position of the first section hitting the object must be 
random within an interval of 0 and T, where 0 is an 
arbitrary origin fixed with respect to the object. The cross-
sectional areas of each of the section faces are either 
measured or estimated, to give A1, A2, ... An where n is the 
number of sections hitting the object and Ai is the area of 
the ith section. The sum of cross-section areas times the 
distance T is an estimate of the object volume i.e.  
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( )nAAATV ...ˆ 21 ++×= . If the position of the first section 
hitting the object is uniform randomly distributed within 
an interval of T then the Cavalieri estimate of volume is 
statistically unbiased i.e. if we repeated the procedure 
using different starting positions each time the average of 
the estimates would be equal to the true volume. 
Contrary to intuition the actual number of sections 
needed to get a precise estimate of volume is often less 
than 10 and for ellipsoidal or very regularly shaped 
objects as few as 5 is often sufficient.   
 
The Cavalieri method is obviously 
applicable to large objects or objects 
that can be separated from a 
surrounding material. However, it 
really comes into its own when 
object or organ of interest is 
embedded within another one.  
 
It is this particular feature of the Cavalieri method that 
has led to its widespread and routine use in bio-medical 
research to estimate the volumes of individual organs 
prior to further analysis and whole body compartments. 
The method can be applied to computer assisted 
tomography (CAT) and magnetic resonance imaging 
(MRI) sections, optical sections obtained from confocal 
microscopes and physical sections.  
 

 
The picture above shows an example of how the volume 
of a mouse brain can be estimated from a series of 
physical sections. The series of images show 30µm thick 
Nissl stained sections through the brain of a 292 day old 
laboratory mouse. The between section spacing, T, is 
300µm.  The sectional areas required for the Cavalieri 
method could be estimated using image analysis or more 
simply by using the point grid method described above. In 
the present example we used a point grid with a spacing 
of 2.63 mm at the level of the brain tissue. A total of 94 
points lay over the brain sections giving an estimate of 
volume of 94 × (2.63)2 × 0.3 mm = 195 mm3.  
 
The Efficiency of Systematic Sampling The Efficiency of Systematic Sampling The Efficiency of Systematic Sampling The Efficiency of Systematic Sampling     
 
The Cavalieri method is a good example of how high 
precision can be obtained using systematic sampling 
designs. However, to get a handle on the coefficient of 
error of a Cavalieri estimate of volume we have to 
abandon the use of the sample standard deviation of the 
areas and explicitly take into account the systematic 

nature of the sampling. As an example, consider the 
following graph which plots the number of points hitting 
the mouse brain per section plotted versus the section 
number (we have also fitted a quadratic function to 
illustrate the general trend).  
 

It is apparent that the data are not ‘random’, they start 
small, get smoothly bigger then reduce again. In short the 
data are dependent. The degree of dependency found in 
Cavalieri data is influenced by several factors; the 
geometrical regularity of the object, the number of 
sections, the precision of the cross-sectional area 
estimates etc. The section to section dependency can be 
quantified using a covariogram analysis and this can be 
linked to the precision of the volume estimate. In 
stereology the most popular method employed for 
predicting the coefficient of error for a systematically 
sampled quantity, such as the Cavalieri estimator, is based 
upon the transitive theory of Georges Matheron, which 
was modified for stereological applications by Hans 
Gundersen and Eva Jensen.  Detailed analysis of the data 
can also reveal the relative contributions to the overall 
precision made by the ‘between-slice’ variability and the 
‘point estimate’ variability. In the given example we predict 
the overall coefficient of error to be 3.3% with a between 
slice term of less than 0.5% meaning that the majority of 
the variability is due to the point counting.  In this example 
if a higher precision estimate was required then finer point 
grids on each section would be advised rather than more 
sections.  

 
 A second example of the Cavalieri method is shown in the 
figure above which is a series of MRI proton density images 
15mm apart obtained from the visible human data set. The 
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point grid has a spacing of 44.67 mm at the tissue level. A 
total of 48 points hit the brain giving an estimate of 
volume of 48 × (44.67)2 × 15.0 mm3 = 1.44 x 106 mm3 = 
1.44 litres with a predicted CE of 3.7%. 
 
Cavalieri and Zu GengzhiCavalieri and Zu GengzhiCavalieri and Zu GengzhiCavalieri and Zu Gengzhi    
 
It is common in the history of mathematics and science 
for an idea to be invented or discovered by several 
people. Stephen Stigler of the University of Chicage has 
formalised this observation and formulated “Stiglers law 
of Eponymy” which states that a theorem or proof will 
become named after one of the later discoverers (Stigler 
includes himself in this analysis and points out that 
“Stiglers law of eponymy” was not discovered by him). It 
appears that Cavalieri’s theorem may be another example 
of Stiglers law in action. The earlier discoverer of 
Cavalieri’s theorem was a Chinese mathematician, Zu 
Gengzhi active in the 5th Century AD. Zu Gengzhi was 
the son of another mathematician Zu Conqui who 
developed an approximation of π accurate to 7 decimal 
places (to commemorate Zu Conqui a crater near the Sea 
of Moscow on the moon has been named after him). 
 
Although historical evidence indicates that Zu Gengzhi 
was a formidable mathematician there is very little of his 
own work extant. One of the few pieces that does 
survive is his consideration of a well known problem in 
Chinese mathematics - calculating the volume of a sphere 
of a given radius. One of Zu Gengzhi’s basic methods for 
solving the problem was summed up in a cryptic rhyming 
couplet; 
 

“If blocks are piled up to form volumes, 
And corresponding areas are equal,  
Then the volumes cannot be unequal.” 
 
 
 

Given the context of Zu Gengzhi’s couplet it is a clear 
statement of Cavalieri’s theorem and shares with 
Cavalieri’s statement of the theorem the implicit 
assumption that any shape can be considered.    
    
Pappus and  GuldinPappus and  GuldinPappus and  GuldinPappus and  Guldin    
 
The ancient Alexandrian mathematician Pappus (AD 320) 
also proposed a theorem which links cross-sectional areas 
and volumes. In modern form his theorem can be stated 
as follows: 
 
 “If a plane region is revolved about an axis in its plane it 
will generate a solid of revolution; the volume of which is 
given by the cross-sectional area of the region multiplied 
by the distance travelled by the regions centre of gravity.”   
 
A simple illustration of Pappus theorem is shown in the 
figure below. (a) A rectangular region of area A units2 
which is in the plane of the paper is shown. The centre of 
gravity of this shape is d units from the axis of revolution. 
The shape will be rotated about the indicated axis of 
revolution, also in the plane of the paper. (b) The resulting 
3 dimensional figure is a ‘straight edged donut’ with a 
volume equal to 2π×A×d units3.  

This theorem of Pappus was also proposed at a much later 
date by the Swiss mathematician Paul Guldin (1577-1643). 
In line with Stiglers law of Eponymy the theorem  is often 
known as Guldin’s theorem, or the Pappus-Guldinus 
theorem. Although the theorem may be an independent 
invention by Guldin, there is some evidence to suggest that 
Guldin may have seen a 1588 Latin translation of the 
Pappus theorem when he was studying to be a Jesuit in 
Rome.  
 
In common with the Cavalieri theorem, the Pappus 
theorem can be used as the basis of a stereological method 
for estimating volume. However, in the case of the Pappus 
theorem the object needs to be randomly rotated about a 
known axis then sectioned through this axis.  
 

The figure above is a schematic diagram of a co-axially 
sectioned 3 dimensional object. The axis of rotation is 
within the object and the section plane has been rotated 
an angle of ø from the fixed 
x-axis. The intersection 
between the section plane 
and the object gives rise to a 
2D profile, which has areas 
to either side of the axis of 
revolution.  
 
The Pappus estimator of 
volume requires estimates of 
the areas of the profile to 
right and left of this axis, Ar 
and Al respectively, and the 
distances to the respective centres of gravity, dr and dl. 
Using these quantities the volume of the object is 
estimated from  ( ) ( ){ }rrll AdAdV ×+×⋅= πˆ . 
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In practice the Pappus method is widely applied for 
estimating the mean volume of a population of cells. 
Under these circumstances sections through the tissue 
are taken with a random position and random orientation 
about a fixed vertical axis.  Each of the cells of interest 
can thus be considered to have been rotated 
independently of the others about a vertical axis through 
their nuclei or nucleoli. Thus if an optical plane is moved 
through the tissue section cells can be selected for 
measurement using a 3D sampling probe known as an 
optical disector.  For each sampled cell the cross-
sectional areas and distance to centroids either side of the 
vertical axis in the central focal plane are required. Here 
we describe a simple method using lineal measurements .  
 
A vertical line through the centre of gravity of the nucleus 
or nucleolus on the in-focus section is taken as the 
vertical axis of revolution for the cell  
 

A separate line grid 
composed of lines 
perpendicular to the 
vertical axis and equi-
spaced at a distance t is 
randomly translated up 
and down the vertical 
axis. For each of the test 
lines that hit the cell body 
the distances from the 
central line to the 
intersections between the 
test lines and the outer 
surface of the cell body 
are recorded (here 
marked with red dots).   
 
By replacing each line by a 
rectangle of height t units 
then the outside shape of 
the neuron profile seen on 
the section becomes 
approximated by a 
number of rectangular 
areas each of height of t 
units. 

 
The distances from the central axis of revolution to the 
centre of gravity of each rectangle (half way along in each 
case) are then squared and used to estimate volume from  

∑ −+ +⋅⋅=
i

iitV 22
2

ˆ llπ  

 
where t is the between line spacing and the ‘total squared 
ray distance’ for the ith line that hits the cell profile is 
given by  222 −+ += iii lll . 
 
The basis of this method can 
be understood as follows. 
Consider a single test line from 
the grid of parallel lines 
forming an intersection of 
length l to the right of the axis 
of revolution. This line 

approximates a volume element given by the area of a 
rectangle of width l and height t with a centre of gravity 
of ½ l  Applying Pappus theorem the volume element for 
this half line is equal to   
  
 centroid by  travelleddistanceArea ×  
 ( ) ( ) 2½½ lll ⋅⋅=⋅×⋅= tt ππ . 
 
If the volume elements corresponding to all half lines are 
summed the total gives an estimate of the object volume.  
If the object has been uniform randomly rotated about the 
axis of revolution the estimate is unbiased. Predicting the 
precision of this type of estimate is non-trivial and is still an 
active research area.  
 
The Pappus method is now used routinely in neuroscience 
to make estimates of the volumes of brain cells from 
ordinary light microscope images. An example is given in 
the figure below which shows a vertical uniform random 
section from methyl methacrylate embedded Giemsa 
stained human cerebellum.  
 

 
The nucleolus of a Purkinje cell has been captured with 
uniform random probability by optical disector sampling. 
The vertical axis of the sectioning has been indicated with 
an arrow. Several lines are shown marked with a red dot 
to indicate the intersections between the test lines and the 
edges of the Purkinje cell (the small ovoid cells shown in 
the image are granule cells).  
 
The full field width was 77.3 µm and line grid spacing 9.57 
µm. The sum of line lengths squared was 852.5 µm2. The 
estimate of volume for this cell is therefore 
π/2×9.57×832.5=12,800µm3 . 
 
Conclusion Conclusion Conclusion Conclusion     
 
The classical geometrical relationships discovered by Zu 
Gengzhi, Cavalieri, Pappus and Guldin relate the volume of 
a 3 dimensional object to the area seen on various types of 
2 dimensional cross-sections through the object. These 
relationships form some of the basic concepts in geometry 
and are the precursors of many of the ideas used in 
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integral calculus. However, for objects that are fully 
contained within other objects, such as brains or cells, 
these relationships form the basis of state-of-the-art 
measurement techniques. The exact, classical, geometric 
relationships are combined with rigorous systematic 
random sampling protocols to give a number of unbiased 
volume estimation methods. The methods can be applied 
with both macroscopic non-invasive imaging techniques 
such as tomography, ultrasound and MRI as well as 
microscopic techniques such as confocal light microscopy 
and standard histology. The random element of the 
sampling protocols guarantees unbiased estimates and the 
systematic element high precision. These twin attractions 
have meant that stereological volume estimation methods 
have become increasingly important over the past 10 
years, particularly in bio-medical research. Given the pace 
of developments in scientific technology it is perhaps 
reassuring and somewhat humbling, that ancient 
geometrical knowledge still has a direct relevance to 
those who want to make accurate and reliable 
measurements from images.  
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